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We address the problem of existence of completely positive trace preserving (CPTP) maps between
two sets of density matrices. We refine the result of Alberti and Uhlmann and derive a necessary
and sufficient condition for the existence of a unital channel between two pairs of qubit states which
ultimately boils down to three simple inequalities.
I. INTRODUCTION
A fundamental aspect of resource theories is finding
conditions which characterize the possibility of state-
conversion via “allowed” operations. In quantum thermo-
dynamics, for example, one usually asks whether a state
τ can be generated from an initial state ρ via a Gibbs-
preserving channel, that is, a completely positive and
trace-preserving (CPTP) map which leaves the Gibbs-
state of the system invariant. [5, 11, 12, 16, 23] [25]
Recall that a linear map T : Mn(C) → Mn(C) is com-
pletely positive if its amplification id⊗T : Mn(Mn(C))→
Mn(Mn(C)) is positive [20, 22].
The above is just a special case of the following more
general question: given two pairs of quantum states
{τ1, τ2}, {ρ1, ρ2} can one find a characterization (which
is non-trivial and possibly simple to verify) for the ex-
istence of a quantum channel which transforms both ρj
into τj? While this problem is fully solved in the classical
case (for an overview on the equivalent conditions see [12,
Ch. V] or [24, Prop. 4.2]), in the quantum realm this re-
mains unanswered, with the qubit case being the notable
exception: In a seminal paper [1] Alberti and Uhlmann
derived a necessary and sufficient condition for such a si-
multaneous state conversion. The Alberti-Uhlmann con-
dition reads
‖ρ1 − tρ2‖1 ≥ ‖τ1 − tτ2‖1 ∀ t ≥ 0, (1)
where ‖A‖1 = tr
√
A†A denotes the trace-norm [19].
Note that this equation is equivalent to
‖p1ρ1 − p2ρ2‖1 ≥ ‖p1τ1 − p2τ2‖1, (2)
for all p1, p2 ≥ 0 and p1+p2 = 1. Due to Helstrom theory
[14] condition (2) means that distinguishability of states
{ρ1, ρ2} given with probabilities {p1, p2} is not less than
distinguishability of states {τ1, τ2} (occurring with the
same probabilities). For the sake of computation (1) can
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be reduced to finitely many inequalities via the formulae
‖A‖21 = tr(A†A) + 2| det(A)|
det(A+B) = det(A) + det(B) + tr(A#B) (3)
for all A.B ∈ M2(C) where (·)# denotes the adjugate
[3]: then the function resulting from (1) is piecewise
quadratic in t so non-negativity reduces to certain con-
ditions on the coefficients (with respect to t).
It is well known that every positive trace-preserving
map (PTP) is a contraction in the trace-norm and hence
Alberti-Uhlmann is necessary for the existence of a PTP
map T . Interestingly, this condition is sufficient in
two dimensions—even for the existence of a quantum
channel—and fails to be sufficient for dimension three
and larger [13, Ch. VII.B].
In [9], Chefles et al. generalized the problem to input
and output sets {ρ1, . . . , ρn} and {τ1, . . . , τn}, respec-
tively, with arbitrary dimension and arbitrary value of
n, under the constraint that at least one of the two sets
must be a set of pure states. They derived conditions for
the existence of a CPTP map between the sets in terms of
the Gram matrices of the two sets. A result for arbitrary
(non-pure) states was derived by Huang et al. [17] where
their characterization (of existence of a CPTP map) goes
via the existence of some more abstract decomposition of
the initial and target states.
More interestingly, they considered the case of qubit
states {ρ1, ρ2, ρ3}, {τ1, τ2, τ3} under the generic assump-
tion of the input states being pure (cf. footnote [26]).
However the characterization they derived, while verifi-
able with standard software, seems to not generalize to a
condition for arbitrary input states and, moreover, seems
to not lead to much physical insight.
In [13], Heinosaari et al. considered a slightly different
variant of the problem and studied the conditions for
existence of only CP maps between two sets of quantum
states. Moreover they gave a fidelity characterization for
the existence of a CPTP transformation on pairs of qubit
states, consisting of only a finite number of conditions.
In a more recent paper [11], Dall’Arno et al. derived
a condition for the existence of a CPTP map when the
input set is a collection of qubit states which can be,
through a simultaneous unitary rotation, written as real
matrices. They study the problem from the perspective
2of quantum statistical comparison and derive that if the
testing region of the input real states include the testing
region of the output states then there exists a CPTP map
connecting them. For further analysis on the relation
of this problem with quantum statistical comparison see
[6, 7].
In this paper we refine the original Alberti-Uhlmann
problem asking about the existence of a unital channel,
that is, T maps ρk to τk and additionally T (1 ) = 1 . Orig-
inal condition (1) guarantees the existence of a CPTP
map but does say nothing whether T is unital. Clearly,
condition (1) is again necessary but no longer sufficient.
Note, that the map T is uniquely defined only on an at
most 3-dimensional subspace M spanned by {1 , ρ1, ρ2}
and one asks whether this map can be extended to the
whole algebra M2(C) such that the extended map is
CPTP and unital. Extension problems such as this one
were already considered by many authors before [20].
The classical result of Arveson [4] says that if M is an
operator system in B(H), that is, M is a linear sub-
space closed under hermitian conjugation and containing
1 , and if Φ : M → B(H) is completely positive unital
map, then it can be extended to a unital completely pos-
itive map Φ˜ : B(H) → B(H). Note, however, that this
result says nothing about trace-preservation. Hence, even
if the unital map Φ is trace-preserving the unital exten-
sion Φ˜ need not be trace-preserving. Actually, unitality
may be relaxed by assuming that the hermitian subspace
M contains a strictly positive operator [13]. Interest-
ingly, it was shown [18] that if M is spanned by positive
operators and Φ is completely positive then there exists
a completely positive extension Φ˜.
The main result of this paper reads as follows.
Theorem 1. Let qubit states {ρ1, ρ2}, {τ1, τ2} be given.
The following statements are equivalent.
(i) There exists a unital quantum channel mapping
{ρ1, ρ2} into {τ1, τ2}.
(ii) For all α, β, γ ∈ R
‖α1 + βτ1 + γτ2‖1 ≤ ‖α1 + βρ1 + γρ2‖1 (4)
(iii) For all β, γ ∈ R
‖1
2
+ βτ1 + γτ2‖1 ≤ ‖12 + βρ1 + γρ2‖1 (5)
(iv) For all t ∈ R one has τ1 − tτ2 ≺ ρ1 − tρ2.
Here ≺ denotes classical matrix majorization which is
usually defined via the comparison of eigenvalues and is
well-known to be equivalent to the existence of a unital
CPTP map which maps the right to the left-hand side
(refer to, e.g., [2, Ch. 7]).
Clearly, the original Alberti-Uhlmann condition (1)
provides now only the necessary condition correspond-
ing to α = 0 in (4). This condition readily serves as
the necessary condition for existence of the unital chan-
nel as the trace-norm is contractive under the action of
any PTP map [21]. While the conditions in Theorem 1
give conceptional insight one can also reduce the problem
three easy-to-verify conditions.
Theorem 2. There exists a unital quantum channel
mapping qubit states {ρ1, ρ2} into {τ1, τ2} if and only if
det(τj) ≥ det(ρj) for j = 1, 2 as well as(
tr(ρ#1 ρ2)− tr(τ#1 τ2)
)2 ≤
≤ 4(det(τ1)− det(ρ1))( det(τ2)− det(ρ2)) (6)
where (·)# denotes the adjugate [15, Ch. 0.8], [27].
II. PROOF OF ALBERTI-UHLMANN
CONDITIONS FOR UNITAL MAPS
Let M := span{1 , ρ1, ρ2} and N := span{1 , τ1, τ2}.
The linear map T : M → N mapping ρk to τk by con-
struction is unital and preserves trace and hermiticity.
Proposition 1. There exist unitary U, V ∈M2(C) such
that the following statements hold.
(i) U †ρ1U,U
†ρ2U, V
†τ1V, V
†τ2V ⊥ σz, that is,
U †MU, V †NV ⊆ span{1 , σx, σy}.
(ii) The adjusted map
S : span{1 , σx, σy} → span{1 , σx, σy}
ρ 7→ V †T (UρU †)V
is well-defined, linear, unital (hence trace-
preserving) and satisfies S(σx) = aσx and
S(σy) = bσy for some a, b ∈ R.
Proof. SinceM is an (at most) 3-dimensional subspace of
L(H2) there exists an operator orthogonal toM w.r.t. the
Hilbert-Schmidt inner product. Being orthogonal to 1
it is traceless and hence choosing an appropriate basis
it equals σz . Analogously, choosing an appropriate ba-
sis in the output Hilbert space makes N orthogonal to
σz. More precisely this yields U˜ , V˜ ∈ M2(C) unitary
such that (i) holds and S˜(ρ) := V˜ †T (U˜ρU˜ †)V˜—because
it preserves hermiticity and the trace—satisfies
S˜(σx) =
[
0 zx
zx 0
]
S˜(σy) =
[
0 zy
zy 0
]
,
with zx, zy ∈ C so S˜ acts on (1 , σx, σy) ∈ (M2(C))3 as1 0 00 a11 a12
0 a21 a22

for some A = (ajk)
2
j,k=1 ∈ R2×2. Applying the singu-
lar value decomposition to A one finds orthogonal matri-
ces W1,W2 ∈ M2(R) such that WT1 AW2 = diag(a, b)
3with a, b ≥ 0 [15, Thm. 7.3.5]. But every orthogo-
nal 2 × 2 matrix is a rotation matrix (possibly up to a
composition with σz) [15, p. 68] so because the chan-
nel Sφ(ρ) := U
†
φρUφ with Uφ = diag(1, e
iφ), φ ∈ R
leaves span{1 , σx, σy} invariant and acts on (1 , σx, σy) ∈
(M2(C))
3 as 1 0 00 cosφ − sinφ
0 sinφ cosφ
 ,
there exist φ, θ ∈ R such that Sφ◦S˜◦S−θ = diag(1, a, b) or
diag(1, a,−b). Therefore the matrices we were looking for
are U = U˜Uθ, V = V˜ Vφ which concludes the proof.
In other words Proposition 1 guarantees the exis-
tence of unitary channels which rotate both domain and
codomain of T into the subspace span{1 , σx, σy} and, at
the same time, diagonalize T . From the latter one has
the obvious inference:
Proposition 2. The map S : span{1 , σx, σy} → L(H2)
is positive iff |a| ≤ 1 and |b| ≤ 1.
In abuse of notation we henceforth write M for
span{1 , σx, σy}.
Now, to extend S from the 3-dim. subspace M to the
full space L(H2) one needs the action of S on σz. Due
to hermiticity and the trace preservation condition, one
has in general
S(σz) = xσx + yσy + zσz , (7)
with x, y, z ∈ R.
Theorem 3. There exists a positive trace-preserving ex-
tension of S :M→ L(H2) iff |a| ≤ 1 and |b| ≤ 1.
Proof. The map S :M→ L(H2) maps a density matrix
represented by a Bloch vector ~r = (rx, ry, rz) to
S(1 + rxσx + ryσy + rzσz)
= 1 + arxσx + bryσy + rz(xσx + yσy + zσz) . (8)
Therefore the action on the Bloch vector is realized as
~r →M~r, where
M =
 a 0 x0 b y
0 0 z
 . (9)
The map S is positive iff it maps Bloch ball to Bloch ball,
that is, if the matrix M is contraction. Its supremum
norm reads
‖M‖sup ≥ max
{
‖
[
a 0
0 b
]
‖sup, |z|
}
= max{|a|, |b|, |z|},
(10)
and the inequality is saturated for x = y = 0. Hence,
whenever |a| ≤ 1 and |b| ≤ 1, there exist x, y, z defining
the extension (7).
Remark 1. Note, that the simplest extension corre-
sponds to S(σz) = 0, i.e. x = y = z = 0. Actually,
it was shown [8] that if M is a 3-dim. operator system,
then there exists unital positive trace-preserving projec-
tor Π : L(H2)→M. Hence, S ◦Π defines unital positive
trace-preserving extension of S : M→ L(H2). Interest-
ingly, it was proved [8] that there is no completely positive
trace-preserving projector Π : L(H2)→M.
Theorem 4. There exists a completely positive trace-
preserving extension of S : M → L(H2) iff |a| ≤ 1 and
|b| ≤ 1.
Proof. One has
S(|0〉〈0|) = S(1
2
(1 + σz))
=
1
2
(1 + xσx + yσy + zσz) (11)
S(|0〉〈1|) = S(1
2
(σx + iσy)) =
1
2
(aσx + ibσy) (12)
S(|1〉〈0|) = S(1
2
(σx − iσy)) = 1
2
(aσx − ibσy) (13)
S(|1〉〈1|) = S(1
2
(1 − σz))
=
1
2
(1 − xσx − yσy − zσz) (14)
and hence the corresponding Choi matrix
C =
2∑
i,j=1
|i〉〈j| ⊗ S(|i〉〈j|),
reads
C =
1
2

1 + z x− iy 0 a+ b
x+ iy 1− z a− b 0
0 a− b 1− z −x+ iy
a+ b 0 −x− iy 1 + z
 . (15)
The extended map S is completely positive iffC ≥ 0 [10].
A necessary condition for its positivity will be given by
positivity of its two main minors:[
1− z a− b
a− b 1− z
]
≥ 0,
[
1 + z a+ b
a+ b 1 + z
]
≥ 0, (16)
which is equivalent to the following conditions for z:
|a+ b| − 1 ≤ z ≤ 1− |a− b|. (17)
Clearly, there exists nontrivial solution for z iff
2 ≥ |a− b|+ |a+ b| = 2max{|a|, |b|}. (18)
Observe, that for x, y = 0 the matrix (15) becomes a
direct sum of blocks (16), hence the necessary condition
becomes also sufficient.
Corollary 1. A completely positive extension exists if
and only if a positive extension exists.
4Now, we are ready to prove the main theorem.
Proof of Thm. 1. (i) ⇒ (ii) was shown before. (ii) ⇒ (i):
Assume w.l.o.g. dim(M) = 3 (dim(M) = 1 is trivial
and dim(M) = 2 can be traced back to original Alberti-
Uhlmann). Let us observe that the very condition (4) is
equivalent to
‖α1 + βaσx + γbσy‖1 ≤ ‖α1 + βσx + γσy‖1 (19)
for all α, β, γ ∈ R. Indeed, assume (4), i.e. for all α, β, γ
‖α1 + βV †τ1V + γV †τ2V ‖1 = ‖α1 + βτ1 + γτ2‖1
≤ ‖α1 + βρ1 + γρ2‖1
= ‖α1 + βU †ρ1U + γU †ρ2U‖1
with U, V being the unitary matrices from Prop. 1, using
unitary equivalence of the trace norm. Writing
U †ρjU =
1
2
+ rjxσx + rjyσy
for some rjx, rjy ∈ R yields
V †τjV =
1
2
+ arjxσx + brjyσy .
Thus the trace norm condition (4) becomes:
‖α′1 + β′aσx + γ′bσy‖1 ≤ ‖α′1 + β′σx + γ′σy‖1, (20)
where α′β′
γ′
 =
1 12 120 r1x r2x
0 r1y r2y

αβ
γ
 .
Now, observing that
det
1 12 120 r1x r2x
0 r1y r2y
 = det[r1x r2x
r1y r2y
]
6= 0
because dim(M) = 3. Hence condition (4) for all α, β, γ
is equivalent to (20) for all α′, β′, γ′, that is, it is equiva-
lent to (19) for all α, β, γ.
Now, the last step is to prove (19). Choosing
(α, β, γ) = (0, 1, 0) and (α, β, γ) = (0, 0, 1) in (19) implies
|a| ≤ 1 and |b| ≤ 1 so there exists a CPTP extension of S
by Theorem 4. Finally S and T differ by unitary chan-
nels so if one of them has a P or CP extension then this
is true for the other, as well.
(ii) ⇔ (iii) is readily verified using homogeneity and
continuity of the norm.
(iv) ⇔ (iii): By [2, Thm. 7.1] and (1) condition (iv) is
equivalent to ‖1
2
− s(τ1 − tτ2)‖1 ≤ ‖12 − s(ρ1 − tρ2)‖1
for all s, t ∈ R which by the same argument as before is
equivalent to (iii).
Condition (iii) from Theorem 1 can be geometri-
cally interpreted as the linear subspace span{τ1, τ2} be-
ing to be closer to the maximally mixed state 1
2
than
span{ρ1, ρ2}.
Proof of Thm. 2. From the eigenvalue formula for 2 × 2
matrices it is easy to see that if A,B ∈M2(C) are hermi-
tian and of same trace then A ≺ B iff det(A) ≥ det(B).
Using (3) (iv) is equivalent to
t2
(
det(τ2)− det(ρ2)
)− t( tr(ρ#1 ρ2)− tr(τ#1 τ2))
+
(
det(τ1)− det(ρ1)
) ≥ 0
for all t ∈ R. But a parabola t 7→ at2 + bt + c is non-
negative iff a, c ≥ 0 and b2 ≤ 4ac which concludes the
proof.
III. EXAMPLE
We now present an example where for an input and
output pair of qubit states, although a CPTP extension
exists, there is no unital CPTP extension. Thus this
example clearly emphasizes the necessity of Theorem 1.
Consider the following map[
ρ11 ρ12
ρ21 ρ22
]
7→
[
ρ11 + (1− p) ρ22 κρ12
κρ21 p ρ22
]
, (21)
which is CPTP whenever 1 ≥ p ≥ κ2. Let p = κ = 1
2
,
and consider two density matrices:
ρ1 =
[
1 0
0 0
]
, ρ2 =
[
.2 .4
.4 .8
]
(22)
which are mapped to
τ1 =
[
1 0
0 0
]
, τ2 =
[
.6 .2
.2 .4
]
. (23)
The Alberti-Uhlmann condition is obviously satisfied
since by constriction the τk are related to the ρk via a
CPTP map. Now let us check whether a unital extension
exists via one of the equivalent conditions. By consider-
ing α = −.5 and β = γ = 1 in (19) one finds
α1 + βτ1 + γτ2 =
[
1.1 .2
.2 −.1
]
(24)
and
α1 + βρ1 + γρ2 =
[
.7 .4
.4 .3
]
(25)
and their trace norms are
√
1.6 and 1 respectively. Hence
there is no unital channel mapping ρk to τk. Alterna-
tively one can check that condition (6) reads
.16 = (.8 − .4)2 ≤ 4 · 0 · .2 = 0 ,
5a contradiction. Indeed this condition allows us to answer
the following question: how does τ2 have to be modified
to guarantee a simultaneous unital state transformation?
Because of det(ρ1)− det(τ1) = 0 the transition by (6) is
possible in a unital manner iff tr(τ#1 τ2) = .8 so
τ2 =
[
.2 z
z .8
]
with |z| ≤ .4. Thus the only allowed channels in this sce-
nario are those which relax ((21) with 1 = p ≥ κ2) and ro-
tate the off-diagonals (unitaries of the form diag(1, eiφ)).
IV. CONCLUSIONS & OUTLOOK
In this paper we derived necessary and sufficient condi-
tions for the existence of a unital quantum channel map-
ping a pair of qubit states {ρ1, ρ2} into {τ1, τ2}. These
conditions connect the problem to trace-norm inequal-
ities (in the spirit of Alberti-Uhlmann (1) which is re-
produced by setting α = 0 in (19)) and majorization
on matrices. Moreover we reduced the infinite family
of conditions to just three inequalities which are simple
enough to be verified with pen and paper. We also pro-
vided an example of two pairs of qubit states which sat-
isfy the Alberti-Uhlmann condition, that is, there exists
a quantum channel mapping ρk to τk, but condition (4)
is violated which implies that there is no unital channel
between ρk and τk.
We expect that our result will encourage more research
in this direction and shed light on finding more general
closed form conditions for existence of channels between
sets of quantum states. Possible next steps could focus
on the case of the input set consisting of any three lin-
early independent qubit states or—in spirit of thermo-
and general D-majorization [24]—how to modify Theo-
rem 1 & 2 if the fixed point of the channel is not the
identity but an arbitrary Gibbs state (i.e. an arbitrary
positive-definite state D).
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